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1. INTRODUCTION 
Let L be Lie algebra over a field K and U(L) be its universal envelope. 
P. M. Cohn proved in [ I] that U(L) can be embedded in a field. (The term 
“field” throughout this paper is used in the sense of “skew field.“) The main 
goal of this paper is the study of the multiplicative group of this field. We 
denote this field by D, and D* is the multiplicative group of it. Our main 
result is Theorem 2: 
THEOREM 2. The group D* is isomorphic to the direct product K* x D, , 
where the group D, is residually torsion-free nilpotent if char K = 0 and is a 
residually nilpotent p group of a bounded exponent [f char K = p > 0. 
In other words, the group D, has a series 
D,=G,zGzz ... (1.1) 
with 
fi G;=l (1.2) 
I=1 
and all the factors G,/G,+ , are torsion-free abelian if char K = 0 or abelian 
groups of exponent p if char K =p. 
Now if L is a soluble-by-finite-dimensional Lie algebra, then U(L) is an 
Ore domain. This follows from Proposition 4.1 in [4] or from Corollary 2 
of Theorem 1 in [S] (in fact U(L) is an Ore domain provided that L has 
an ascending series with locally soluble or locally finite-dimensional fac- 
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tom). Hence, there exists in this case only one field, generated by U(L), 
namely the field of fractions of it, and we have thus the following result 
whose proof follows immediately from Theorem 2. 
COROLLARY 1. Let L be a soluble-by-finite-dimensional Lie algebra and 
A be the field of fractions of U(L). Then the conclusion of Theorem 2 is true 
for the group A*. 
Theorem 2 is true, of course, for the field of fractions of Weyl algebras 
A,(K) because they are isomorphic to fields of fractions of enveloping 
algebras of nilpotent Lie algebras. 
Now once again let L be an arbitrary Lie algebra over a field K. We have 
the following corollary of Theorem ; its proof is given in Section 5. 
COROLLARY 2. Let C(M) denote the centralizer of a subset Mc D and 
xr E C(M), where r is relatively prime to char K. Then x E C(M). 
One can take, of course, x and M from U(L); the result seems to be new 
for this case too. 
The main idea of our proofs is the further study and applications of a 
special-type valuation function v(x) on D which was constructed by Cohn; 
the existence of such a valuation function implies that D* is residually 
nilpotent and has a series with all the factors, except possibly the first one, 
torsion-free abelian groups if char K= 0 or elementary p-groups if 
char K = p (Theorem 1). 
Cohn’s construction is described very briefly in Section 4.1; we would 
like to point out that in the case when U(L) is an Ore domain (for 
instance, when L is soluble-by-finite dimensional), the proof can be sim- 
plified and does not depend on Section 4.1. 
2. 
Let R be a domain and P be a well-ordered abelian group. It is said that 
a function u(x) defines a valuation on R if 
(i) the values of u(x) are elements of P or cc and u(x)= co if and 
only if x = 0; 
(ii) u(xy) = u(x) + u(y); 
(iii) u(x + y) > min(u(x), u(y)). 
We remind the reader that in the case of a universal enveloping algebra 
481/112/1-l? 
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U(L) of an arbitrary Lie algebra L over a field K, a valuation function v(x) 
can be defined in the following way. The algebra U(L) has a filtration 
U-l=@ U’=K+L+L2+ ... +L’ (i=O, 1, . ..) (2.1) 
whose associated graded algebra is a polynomial algebra (see [Z, V. 3 3). 
The filtration (2.1) defines a valuation function D(X) (see [ 1, p. 524]), 
whose values are integers (and co): 
u(0) = al, v(x)= -i if XE u’\u’-‘. (2.2) 
We will need the following important property of this valution function: 
U(XY -YX) > v(x) + V(Y). (2.3) 
The proof follows immediately from the fact that the graded ring, 
associated to the filtration (2.1), is commutative [2, V. 31. 
LEMMA 1. Let D he afield with valuation function v(x): D + P and R be 
a subring of D. Assume that the function v(x) satisfies condition (2.3) on R; 
then this condition is satisfied too on the subset R*(R*)-‘. 
Prooj We consider first the special case when two elements x E R*, 
y=cd-’ (c, dER*) are given and prove that is true for this case. Since 
x, c, d E R we obtain that 
v( cx, cl I> v(x)+ dc), u( [x, d]) > v(x) + v(d), 
which implies via the commutativity of the group P that 
u( [x, c] d-‘) > v(x) + v(c) - v(d); 
v(cd-‘[x, d] d&l) > v(x) + v(c) - v(d). 
The last relation implies, via the property (iii) of valuation functions and 
the identity 
[x, cd-‘] = [x, c] d-’ -cd-‘[x, d] d&‘, 
that 
v([x, cd-‘])>min{v([x, cl d&l), v(cd-‘Cx, 4 d-l)} 
> v(x) + v(c) -v(d), 
which proves (2.3) for this special case. 
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Now consider the general case when x = ab-‘, y = cd- ‘. Apply the iden- 
tity 
[x,y]=[abb’,y]=[a,y]b-‘+a[b-‘,y] 
= [a,y] b-‘-abb’[b,y] bb’ 
and the assertion now follows easily from the relations 
4 [a, ~1) > o(a) + o(y), u([Ib, ~1) > o(b) + U(Y). 
LEMMA 2. Let R be an Ore domain with a valuation function u(x) whose 
values are from an ordered abelian group P. Then v(x) can be extended in a 
unique way to the field D of fractions of R by the rule 
u(aa’) = u(a) - u(b) (a, b E R; b # 0). 
Furthermore, tfu(x) satisfies condition (2.3) on R, then the extendedfunction 
satisfies this condition on D. 
The proof of the first part is routine; the second follows from Lemma 1. 
COROLLARY. Let L be a soluble-by-finite-dimensional Lie algebra, Then 
the valuation function v(x) can be extended on the field of fractions D of 
U(L) and it satisfies the condition (2.3). 
Let D be a division algebra over a field K and u(x): D + P be a valuation 
function which takes the values in an ordered abelian group P and satisfies 
condition (2.3); we assume, too, that u(x) = 0 for 0 # x E K. Let 
T= {dED) u(d)>O}. 
It is well known (and can be verified easily) that T is a local ring with the 
maximal ideal 
J(T)= {tE T/v(t)>O}. 
Let 
T=T,(T)zr,(T)z ... 
be the Lie lower central series of the ring T. Thus, rj+ i( T) is a subring 
generated by all the commutators [x, y], x E r,(T), y E T. 
We need first the following simple fact. 
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LEMMA 3. Let a, b be two elements of D with u(a) > u(b) 20. Let 
bE (J(T))” for some n 2 0. (It is assumed that (J(T))‘= T.) Then 
aE (J(T))“+‘. 
Proof. Since u(ab- ‘) = v(a) - v(b) > 0 we see that abb’ E J( T) and the 
assertion follows therefore from the relation a = (ab- ‘) b. 
PROPOSITION 1. r,,+,(T)& (J(T))” (n= 1,2, . ..). 
Proof: For n = 1 the assertion follows from condition (2.3). To verify 
the general step of the induction we pick x E I-,, + r(T) c (J(T))“, y E T, and 
obtain from condition (2.3) that 
u(xy -yx) > u(x) + u(y) = u(xy). 
But xy E (J(T))“+ I. We apply now Lemma 3 to the elements [x, y] and 
xy and conclude that 
L-~,YIEMT)Y+ 
and the proof is completed. 
COROLLARY. The subring T is a residually nilpotent Lie ring: 
; r,,(T)=O. (3.1) 
II = 1 
The multiplicativity of the valuation function u(x) implies easily that the 
subrings T and J(T) are invariant with respect o the inner automorphisms 
of D, and we have therefore a series of normal subgroups of D* with unit 
intersection 
D*~l+J(T)~l+(J(T))*~... (3.2) 
Let 
D* = y,(D*) 2 yz(D*)z . . . (3.3) 
be the lower central series of D*. We can prove now our first main result. 
THEOREM 1. For arbitrary natural n, 
Y”+ I@*) E 1+ MT))“, (3.4) 
and, hence, (3.3) is an N-series and the group D* is residually nilpotent: 
; y,(D*) = 1. 
n=l 
UNIVERSAL ENVELOPING ALGEBRAS 255 
Zf char K = 0 then all the factors in the series (3.2), except possibly the first 
one, are torsion-free; if char K =p, then all the factors, with the possible 
exception of the first one, are abelian groups of exponent p. 
Proof Let x, y E D*. The identity 
u(x-‘y-‘xy- 1) = u((x-‘y+)(xy-~x)) 
= -u(x)-u(y)+u(xy-yx) (3.5) 
implies via (2.3) that 
0(x-‘y-‘xy- l)>O, 
or, equivalently, 
x-‘y-‘XyE 1 +J(T), 
which proves that (D*)’ c 1 + .I( T). 
Now let x E D*, y E 1 + (J( T))“(n > 1). We see that u(y) = 0 and hence 
u(x-‘y-‘xy- l)=u((x-‘y-‘)(xy-yx)) 
=u(x-‘)+u(xy-yx)= -u(x)+u([x,y-I]). 
Once again, condition (2.3) implies that 
u(x-‘y-‘xy-1)>-u(x)+u(x)+u(y-1)=u(y-1). (3.6) 
Since (y- 1) E (.I( T))‘, relation (3.6) shows that we can apply Lemma 3 
to the elements (x--‘y-l xy - 1) and y - 1 and we conclude that 
x-‘y-‘xy- 1 E(J(T))“f’ (3.7) 
and (3.4) follows now from (3.7) by an easy induction on n. 
The proof of the fact that all the factors (1 + (.I( 7’))“)/( 1 + (J(T))“+‘) 
(n = 1,2, . ..) are torsion-free when char K= 0 or have exponent p when 
char K =p is routine. 
COROLLARY Let T, be the subalgebra of D, generated by all the elements 
d- 1 (dE y,(D*) = (D*)‘). Then 
fi Ty=o. (3.8) 
n=l 
Furthermore, the group (D*)’ is residually torsion-free nilpotent tf char D = 0 
and is a residually nilpotent p-group of a bounded exponent if char D =p. 
4.1. We describe briefly in this sectin some steps of Cohn’s con- 
struction for embedding U(L) into a field D and formulate some properties 
of this field. We refer the reader to [ 1 ] for proofs. 
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An equivalency relation qn on the semigroup S = U(L)\0 is defined by 
a=b (mod q,J if and only if u(a - b) - u(a) > n (n = 1, 2, . ..). (4.1) 
Every semigroup S/q,, is a cancellation semigroup which satisfies the Ore 
condition and hence has a group of right quotients G,. The system of 
semigroups S/q, with the homomorphisms d,,,,,: S/q, + S/q, is an inverse 
system as well as the system of groups G, with homomorphisms 
71 : G, --f G, induced by the appropriate homomorphisms #,m. Let G be 
tir inverse limit of this system and K,, be the kernel of the homomorphism 
rc,,: G + G, which extends the homomorphism dn: S + S/q,,. Then G is a 
complete topological group in the topology whose neighborhood base at 1 
is the system of subgroups K,,; G contains S as a subsemigroup and the 
subset SS’ is dense in G. Furthermore, the group G is used in order to 
construct a field D, whose multiplicative group D* coincides with G. The 
valuation function u(x) on U(L) is extended first to the subset SS’ by 
u(ab-‘) = u(a) - u(b) (a, b E s) 
and then to the group D* = G, via the fact that SS’ is dense in G and that 
for two elements ab-‘, cd-’ ESS’ the relation ab&‘-cd-’ (mod K,) 
implies that u(a) - u(b) = u(c) - u(d). It is not difficult to verify, once again 
using the density of SS-’ in G, that v(x) is a valuation function on D with 
values integers or cc, and we see too that for arbitrary 0 #x E D and a 
given natural n, elements x1, X*E U(L)\0 can be found such that 
u(x) = u(x,) - u(xJ and XE (x,x,‘) K,. 
LEMMA 4. The valuation function u(x) on D satisfies condition (2.3). 
Proof Let 0 # x, y E D. Find sequences x,, y, E SS’ (n = 1,2, . ..) such 
that x, + x, y, + y and hence (x, y, - y,x,) + xy - yx. This implies that 
there exists N such that for all n > iV, 
u(x) = 4x,), a) = 4YnL U(XY 34 = 4~ Y, --Y,x,). (4.2) 
Since (2.3) holds on S= U(L)\O, the assertion follows now from (4.2) 
together with Lemma 1. 
Nowlet,asinSection3, T={d~DIu(d)30},.J(T)={d~D(o(d)>0}. 
We need the following fact. 
LEMMA 5. K, = 1 + (J(T))” (n = 1, 2, . ..). 
Proof We see first of all that an element ba- ’ E SS I belongs to K, iff 
n,(a) =x,(b); since the homomorphism 7c, coincides with 4, on S, we 
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obtain that this is equivalent to the condition (4.1) and hence to the 
condition 
u(1 -ba-‘)>n. (4.3) 
Now let x be an arbitrary element from K,. Find a sequence b,a, ’ 
(i= 1,2, . ..) which converges to x and hence belongs to K,. We obtain 
therefore that for every i 
u(l-b;a,~‘)2n. (4.3’) 
But the sequence (1 - b,a, ‘) converges to (1 - x) and hence (4.3’) implies 
that u( 1 -x) > n, i.e., 
x E 1 + (J( T))n. (4.4) 
Conversely, let (4) hold. Find a sequence !~,a,:’ which converges to x and 
hence u( 1 - b,a,: ‘) = V( 1 - x), which implies via (4.4) that (4.3’) holds and 
hence b,u,: ’ E K,, which yields easily that x E K,. 
4.2. To simplify the notations we will assume now that L has a 
countable basis e,, e2, . . . over E, we assume too that this basis is ordered in 
such a way that e, <e2 < .... 
PROPOSITION 2. The commutative field T/J(T) is purely transcendental 
over K; its transcendency basis over K is given by the images of the following 
elements from T: 
e2el -l, e,e;‘, . . . (4.5) 
Proof Prove first that the images of the elements (4.5) generate T/J(T) 
over K. Take thus an arbitrary element x E D with u(x) = 0 and show that it 
can be written modulo J(T) as a rational expression in the elements (4.5). 
We can assume, of course, that x$ K. Since v(x) = 0 we can find 
x,,x,EU(L)\O such that u(x,)=o(x,)=-k<-1 and x~(x,x,‘)K,. 
Since K, = 1 + J( T) by Lemma 4 we obtain easily that 
-1 x=x,x* (mod J(T)). (4.6)) 
We see, therefore, that it is enough to express the element x,x; l modulo 
J(T) through the elements (4.5). 
The element x, can be represented in a form 
x,=y,+z,, (4.7) 
where y,, z1 E U(L)\O, the element y, is a linear combination of standard 
monomials of degree k (in the elements e,, e2, . . . . ), and all the monomials 
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in the representation of z, have degree less or equal to k - 1 and hence 
u(-y,)= -k, o(z,)a -k+ 1. Hence, 
where 
XIX2 -’ =y,x,’ + Z’XF’, (4.8) 
u(z,x;‘)=u(z,)-u(x2)> 1 
and therefore 
x1x2 -1 Ey,x,’ (mod J(T)). (4.9) 
Once again, we have for x2 the same type of representation as (4.7) 
x,=y,+z,, 
where y, is a homogeneous element of degree k and u(z2) > -k + 1. Hence, 
x2y;‘=y*y;l (mod J(T)). (4.9’) 
Since u(xr) = u(xZ) = u( y,) = u(y2) = -k, all the elements in (4.9) and (4.9’) 
are invertible and we conclude easily that 
y, y,’ =y,x,’ =x,x,’ (moW( Th (4.10) 
where y , , y, are homogeneous elements of U(L) of degree k. 
Now let e?le?. . . err be an arbitrary standard monomial of degree 
cr,+ct,+ ... ;I a:‘= s ik U(L). The element rr = (ei2ejZ ... e,,) eFs belongs to 
T because u(rc) = 0; since T/J(T) is commutative, we have 
(e;; ey; . . .e~)e,s=(e,,e,1)“‘(e,e,1)“2...(e,,e,1)”’ (mod J(T)), (4.11) 
where the right side of (4.11) is a standard monomial on the set of elements 
(4.5) or is 1 if rr = ef‘. We obtain from relation (4.10) that 
x1x2 -l= (yle;k)(y2e;k)p’ (mod 4 T)) 
and apply (4.11) to express yI erk and y2eLk as a linear combination of 
element 1 and standard monomials on the set (4.5). We proved thus that 
the images of the elements (4.5) generate the field T/J(T) over K. 
Now prove that these images are algebraicially independent over K, or, 
equivalently, that the element 1 and the different standard monomials on 
the set (4.5) are linearly independent (we order this set assuming that 
e,e; 1 < e,e;’ < . ..). To obtain a contradiction we assume that there exist 
standard monomials a,, n2, . . . . n, and elements A,,, A,, . . . . 1, E K which are 
not all equal to zero such that 
&+Il,n, +I,~T,+ . ..A.~,,E(J(T)). (4.12) 
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We can assume that the degrees rj of these monomials nj satisfy the relation 
O<r,fr,< ... <rr,. 
Apply now (4.11) and obtain from (4.12) that the same monomials 
711, 712, .. . . n, after substitution in them elements e2, e3, . . . satisfy the 
relation 
~,+~,n,e;‘~+~2~2e~‘2+ ... +A,nme;‘mEJ(T) (4.13) 
(xj now is a standard monomial of degree rj on the elements e,, e3, . . . !). 
Now multiply (4.13) by e;m and obtain that 
(~oe;m+~,71,e!‘-~‘1’+;1271,e;m-‘2+ ... f~.m~,71,_le;m-rm-I+~m~,) 
e e;mJ( T), (4.14) 
which implies that 
u(~,e;m+~“,n,e;m-‘l+~2~2e;m~‘2+ ... ~,_,7t,~,e;m~~m~l+~m7C,) 
> 1 -r,. 
(4.14’) 
On the other hand, the element in the left side of (4.14) belongs to U(L) 
and it is easy to see that in fact it belongs to Urm (see (2.1)). We will now 
show that its homogeneous component of degree r,,, is nonzero; this will 
contradict (4.14’) and hence will complete the proof. 
Indeed it is easy to see that this homogeneous component is equal to 
~ge;m+I,e~‘m~‘L’n,+~2e~‘m-‘2’712+ ... +~m~1e;m~rm-l~m-,+~,7C,. 
(4.15) 
Since 71,) x2, . . . . 7rn, are different standard monomials on the set e,, e3, ,.. 
and the numbers r,,, - rj (j = 1, 2, . . . . m - 1) are nonnegative, we see that 
(4.15) can be equal to zero only if Ai=0 (j=O, 1, . . . . m). which is 
impossible. 
5. 
We remind the reader of a few known facts and concepts from Malcev’s 
article [6]. An element h of a nilpotent group H has an infinite p-height if 
the equation 
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has a solution for all n > 1. If H is an arbitrary group, then an element h of 
it has an infinite p-height if its p-height is infinite in all the quotient groups 
H/y,(H). The set of elements of infinite p-height forms a fully invariant 
subgroup of H which coincides with the subgroup 
and, hence, homomorphic images of such elements have infinite p-height 
too. The elements of infinite p-height are precisely the ones which are map- 
ped into the unity under an arbitrary homomorphism of H on a nilpotent 
p-group of a bounded exponent and, hence, a group H contains no nonunit 
elements of infinite p-height iff it is residually a nilpotent p-group of a 
bounded exponent. 
LEMMA 6. Let H be a group which has an N-series 
H=H,zH,z “. (5.1) 
with a trivial intersection. Assume that the first factor HI/H, has no nonunit 
elements of infinite p-height and has no elements of order p and all the other 
factors Hi/Hi+, (i = 2, . ..) are (abelian) p-groups of bounded exponents. 
Then H has no nonunit elements of infinite p-height. 
Proof. Assume that there exists an element 1 #h E H which has an 
infinite p-height. It must hve an infinite p-height in all the quotient groups 
H/H, (i= 1,2, . ..) and we can reduce therefore the proof to the case when 
the series (5.1) is finite and hence the group is nilpotent. Since HI/H, con- 
tains no nonunit elements of infinite p-height, we can assume that h E H,. 
But H, is a nilpotent p-group of bounded exponent. Hence, if n is large 
enough, then the equation 
has no roots in H, and therefore x = yh , , where y 4 H,, h, E H, and y gives 
a nontrivial p-element in the quotient group HI/H,, which is impossible. 
LEMMA 7. Let K be a commutative field and K( ti 1 i E I) be a field of 
rational functions on a set of commuting variables tj (i E I). Then its 
multiplicative group is isomorphic to a direct product K* x U, where U is a 
torsion-free group without elements of infinite p-height. 
The fact is elementary and we give only a sketch of the proof. Consider 
the field of the Laurent series K( tj 1 i E I). Its multiplicative group has a 
form K* x V, where Y is the set of elements whose first term (we assume 
that the set t, (iE I) is well ordered) has coefficient 1. Let 
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U = Vn K( ti 1 i E I). Clearly, the multiplicative group of K(t, 1 i E I) coin- 
cides with K* x U; since the elements ti (i E I) are algebraically independent, 
we see that all the elements of finite order belong to the field K, i.e., U is 
torsion-free. It remains to prove that all the elements of infinite p-height 
belong to the ground field. This is easily reduced to the case when the set I 
is finite and then to the case of a field F(t) of rational functions in one 
variable over a field F. Furthermore, we can assume without loss of 
generality that F is algebraically closed and hence every element u of F(t) 
has a form 
(t-a~)(t-a,)~~~(t-ua,) 
U=C(t-b*)(r-b,)--(t-b,) (n 2 0; m b O), 
where c, a, (i= 1, 2, . . . . n), and bj (j= 1, 2, . . . . m) are elements from F. The 
proof can now be completed by a straightforward argument. 
6. 
Proof of Theorem 2. We use the notations of Section 3. Consider the 
series 
D*zT*zl+J(T). 
Theorem 1 implies that the quotient group D*/( 1 + J(T)) is abelian. We 
will now show that the quotient group D*/T* is infinite cyclic, which will 
imply that D*/( 1 + .I( T)) is a direct product 
D*/( 1 + .I( T)) N D*/T* x (T*/( 1 + J(T)). (6.1) 
Indeed, the values of u(x) on D* are integers; thus, if d E D* and u(d) = r, 
then de;’ E T* and the group D*/T* is generated by the image of the 
element e, . Thus, (6.1) is proven. 
Proposition 2 and Lemma 7 imply that 
T*/(l +J(T))- K* x U, 
where U is torsion-free abelian and contains no elements of infinite 
p-height. This, together with (6.1), yields 
D*/( 1 + J(T)) > K* x D*/T* x U. (6.2) 
Let D, be the inverse image of the subgroup (D*/T*) x U under the 
natural homomorphism D* + D*/(l +J(T).) It is easy to see that 
K*nD,=l and that 
D=K*xD,. 
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The group D, has, by Theorem 1, an N-series 
D,~1+J(T)~1+(J(T))2~ ... (6.3) 
with a unit intersection. The first factor of this series is isomorphic to a 
torsion-free abelian group (D*/T*) x U and if char K= 0, the other factors 
are torsion-free abelian, which completes the characteristic zero case. 
If now char K=p, then the first factor in the series (6.3) contains no 
elements of infinite p-height and all the other factors are elementary 
p-groups by Theorem 1. The assertion follows now from Lemma 6. 
Proof of Corollary 2 of Theorem 2. We can assume that M contains 
only one element, say y, and x, y E D*. It is easy to see too that the 
representation D* 2: K* x D, implies that we can assume that in fact 
x, YED,. 
Let first char K =p > 0. We have thus in every quotient group 
Dl/~,(Dl) Dp” a relation 
27 = YX” (6.4) 
with (n, p) = 1. But it is easy to see that a relation (6.4) in a p-group implies 
that Xj = JX Since 
n Y,UWP”= 1, 
n,m 
we conclude that xy = yx. 
If char K= 0 then the assertion follows from the residual torsion-free 
nilpotence of D, together with the known fact (see [3]) that the relation 
(6.4) in a torsion-free nilpotent group implies that Xj = jX. 
It is worth remarking that in the case char K =p > 0 the group D, is not 
residually torsion-free nilpotent, generally speaking. Indeed, let L be the 
nonabelian Lie algebra, generated by the elements x, y such that [x, y] 
commutes with x and y. It is well known and can be verified easily that yp 
commutes with x in U(L), and the residual torsion-free nilpotence of D, 
would imply that y commutes with x, which is impossible. 
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